
12/9/23 MATH4038 Lecture

announcements :

TA Information : Stephen Lin
sylineof math . culk .

eduth

LSB 222A .

Frenet Femulas (marength :

Gives Centd .

officehours by email appointment . ↳] ]()-

No tutorial this week .

-

Goal : Discuss Fundamental The sam of Local Themy of Curves .

-

B
35, N , B3 8

.

N · frame (Frenc france) moving along& .

Mean :

t
e
T=

.

N = F :
B = TxN ·

⑧

are-length palam . S .. I (IE) :



In ace-length panam . s
,
kCs) - curvature

,
(s) - torsion

T'(s) = k(s)NCs) . BCs) = - I(s(NIs)
.

3 : Want a general formula for k(t),E(t)
,

with t an abitrary param .

Inot necessarily are-length pener .) -

Pup : Given a regular cure <
: It RY

1) RI = 1 ya"l
I' where is differentiation wot.t.

"Xx"
,

2) It =
x

I'x x"R

P : (This: reduceback tazeelength pea.) ·

Recall : S()=fYx'(u)/du
,

act) = <(s(t)) .
< abusing rotation -

(i
:

x = (s(t)) = (st))@= T(s(t)) = I'lTCs(t)l .



- = tT(st)) = T'(s(t)) - = la'kN -

<
"= (k) = kx'lT + kY= I'l'7 + kIN .

a'xx" = 1x'Tx (1x''T +kk'RN)
= kIx TN = bla'PB .

=> k= k"
.

(n 0 by defin) ·

For (2) , < " *
= (1)T + RK'N' = 'l"T+ I'l'T'+ klRN

+ I'N + RKRN'

By Frenet, RIRN'= GIRAS = k1x +kT+ -B)
So > = fT + gN+nkkPB where f , gaze some differentiable

function int



~RI = <"
,

B> = <x "
,

TXN>

By calculation in (1) , TxN = +x (c" - 191'T) all

- (ix9")nail- mai (x x") .

Note
, by taly noms . 1 = IBR= LTNR= (i) kxx42

-> kx x = (kla')
·

- - xxN) = = ainRI

Physical interpretation of a
"
:

--#
a
"
= kIxN +K'lT = I + I . ↓
men ne -
angular linear -

Xacceleration acceleration



B
aq
T

r= radius of arvecture--N↑↓utin~ jadiusofthe rice. Errespondingi
ST ,N3-called the osculating plane .

ST ,N ,B3 - Frenet frame :

↳)' Than
Ierden fis -

Geometric viewpoint : Transformation from astraight line LA <: ->

1 -> Bending -> Twisting -> & .

Lanvature) (Torsion)



Expect : a conce to becompletely determined by kit) ,-(t) (modulus some
rigicl untion

Rigidmotions : rotation
,
translation .

in B3) :

E
"the save ance"

Fundamental theof Local theory of Cures

Given differentiable fris h(s) <0, (s)>0 Where=I= [a ,b] , E regular cume
a

: I=R which is parame . by are-length s .t .

(17 k(s) = curvature of < at s

127Y(s)
= torsion of< ats

Moreover
, if :ItR3

, are-length powerm , curce with (i)
,
(2) also, then



=AcSols) and XocR sit - I = Ax + xo .

lie .

I= x up
to a rigid motion) -

where S0(3) = G At Mxxs (R) : detA>C
,

AA = AAT =Id] ·

Runk : (Easypart) : RigidMotion preserves are-length, anvature, torsion
---

geometric quantities thatare
P : (s) = Ax(s) + p , PERS . independent of eerdin- ateso

= Cs) = Ax(s)
"cordinate free" .

k(s = =,
' = <A .x

,
A . x' Id : (SOC3)) ·

>= (Ax) (AxY = d AA x

=<x'
,
a

= k'k .

so are-length is preserved .



E(s) = (a(s)) = 1A .x") 19") = k(s) -

AcSOC3)
,

same computation
as above.

=(s) =
-," >

I'x "R

↳
linear algebra

la*** = I *-1x ">R
= lAxRIAS"l - KAx

,
Ass R

AcSo(s)
= KFlal-1xx">R = k'x <"R

.

sax" " = <Ax'xAx"
,
Ax"- -edumn . rectors

I
S

-det [AS An" As"] [A ! Imathiymultiplication
=dot(A['a" xiS)

AX



Ac SO(3) = deA'det[* a "]
= A [x" ""I

.

14
I

= X'x "

,
" > .

=> E(s) = I(s)
.

So we have show that for x(s) , At SOC)
, PERS

[(s) = A . x(s) + p
will here same avcilength , curvature

,

Arth (Uniqueness Part) :
torsion as as

/.

Note : Existence part will be covered later .

- ODE theory
Given x(s) , a(s) , seI S .t . k(s) =E(s)

t(s) =E(S) ·

WIS 7 Ae SO(3)
, xeR s .t. <(s) = Ac(s)+ Xo .



First want to finel A :

idea : lisk at the Frenc frames at a fixed part .

B4 T > A
* ->s ·Y IN

N

in rotation A is determined by [T
,
N
, BJ(s0) -> 35, N ,53 (so) ·

So given So
-I
, =A = A(so) -> S0(3) S.t .

AT(s) = Y(so)

S AN(so) = N(so)

AB(so) =B(so)

15
= FxN = AT > AN= A CTXN) = AB

/ quicker way SO(3) Matrical
.

↑ S

AESO(3) preserve 8 .N framesI



Now it remains to show & Ax= const : is . (i.e , only translation left) .

WLOG
, by replacing & with Ax

,
I can assume A= Id -

I
-

I is wot . So-T
2

= -F
,
T-53 = T-T

,
T-7's

Frenc
Jamla ST-F ,

kN-FNS

me kST-F , N-N2 ·

/N-N= <N-N
,

N'-N's

= <N -N
,
-kT + B +E -=5)

--k<N-N ,
T-T>

+ (N-N
, B-B)

B-B= <B- B
,

B'-B's
=

- <B-B
,
N-N) :



So (IT-FR+ IN-FR+5 -5R) (e. g . <N-A
, B-E) = CHINAR ICamely

." +B -BRcandess" C Sp (RH+e1) (IT-IT IN-N+1-5R
Here f := IT-IRfix2f a 1

. f(s) = 0 use(s ,b]
. +IN-NR[f(x) =0 +B-BR .

Reversing thementation and repecting the argument yields f(s)= - -s=[a ,Si) -
= f(s)= 8 m 1 .

-( +
= =

N = N m 1 . - (- 5) = (T-5) = 0 .

B =5
so & = x+ const ./,



Local expression of< :

given are-length paren . Cure x: I-RY
, fixed sot I (WLOG

,
so
= 0

Bo X

q I >
I 3o-i⑤proSov ↳
-I
-X

By Taybr expansion :

x(s) = x(0) + sx(0) + Is "(0) + 5s"a"(0) + o(s3) .

= x(0) + sTo+ESkoNo+Is (koNo-hTo +k-ToBo) + o(s) .

= x(0) +( - =sk)To + (ts ko +63 k:) No

+ Skoo + o(s) :



Meaning : at x(0) = RY
,

instead of considering xyz words (span [8x , by,223)
W

it we consider coordinates induced by To, No , B 03
Then we canwrite

<(s) = (s - 5sYk
, Eskott's ho

, Shot +o(s)
Illustration : projection

Z -outs

Y Rotation -n span? To ,No
-ET

,
N
,BE Get 7 To

FI N corals .

T

-

L

:-

?
· IaBr

>x atpt · so. >No
3)

I ↓ ↓



projection onto span[T
,B0I projectio outs [No,Bo]

E, .. 15:&
L


